INTRODUCTION
IN THIS PAPER we study the existence of weak solutions of the problem q u + VG(u) = f(t, x) i (t, x) E R = (0, 7r) x (0, n) u(t, x) = 0 (r, x) E 80, (1.1) where q is the wave operator a2/dt2 -i,J2/ax2, G: R" -+ R is a function of class C2 such that VG(0) = 0 and fi si + R" is a continuous function having first derivative with respect to t in (L,(Q))" and satisfying f(O, x) = f(% x) = 0 (1.2)
for all x E [0, rc]. We assume that there exist two n x n real symmetric matrices A d B with eigenvalues cI1 < c+ d . . . < a, and P, < P, d . . . d fin respectively, such that A result analogous to Theorem A was proved by Ahmad [l] ( existence) and Lazer [2] (uniqueness) for a second order system of ODES.
Our interest in proving Theorem A came from noticing that a simple extension of the results in [4] to systems, shows that (1.1) has a unique weak solution if there exist two real numbers p 1151 andqsuchthatCp,q]n(k* -j*:k,jEN} = @and
Unfortunately, the methods of [4] do not seem to extend to cover the case when we assume (1, 4) rather than (1.4'). Let us denote by R( 0) and Ker( Cl) the range and kernal respectively of the operator •i : D(0) c (l?(sZ))" -+ (L#2))" with Dirichlet boundary condition. We prove Theorem A using a Galerkin approximation procedure. At each finite dimensional step we prove the existence of an approximate solution by applying a minimax theorem due to Lazer-Landesman-Meyers [3] . Condition (1.4) allows us to give an a priori estimate in (L,(R))" for the approximate solutions. The fact that the operator o with Dirichlet boundary condition has a compact inverse on R(O) gives us the existence of u E R(O) and t' E Ker(U) so that u + v satisfies (1.1) in a weak sense.
The methods used here apply to (1.1) with other boundary conditions (Neumann, periodic, mixed) with very little modification.
Finally we remark that if condition (1.4) is replaced by: there exists r > 0 such that
for IIuJJ B r, (1.4') then it can be proved that (1.1) has a solution. This solution is not necessarily unique and in (fir@))". Assuming (1.4) rather than (1.4") gives us the advantage of obtaining a much simpler variational characterization of the approximate solutions which has numerical analytic implications (see [3, Section 71).
NOTATIONS AND PRELIMINARY LEMMAS
We let (a,; i = 1,. . . , n> and (bi; i = 1,. . . , n} be orthonormal bases of R" such that Aai = aiai where ( , ) denotes the usual inner product in R". Since we are assuming that G is of class C2 and that @'G(u)/8 u u ia J is uniformly bounded it follows that J is of class C'. We observe that if J, denotes the restriction of J to EN then where m, and m2 are as in Lemma 2.2. Since m, and m2 are positive and independent of N inequality (2.6) proves that {uNJN is bounded in (L2(n))n.
It is well documented that for each h E R(O)
there exists a unique w in the orthogonal complement of Ker( 0) which is a weak solution of q u = h in Cl, u = 0 on aR. Moreover, w E (c'(n)) and there exists a constant c > 0 such that 
PROOF OF THEOREM A
First we claim that {u,}, is bounded in @l(R))". To show this, by (2.8) it is sufficient to prove that (w,,,}~ is bounded in (fi'@))n. To do so we write wIv = w,' + w;, where w; E X, and wN+ E Z,. It is clear that the right-hand side of (3.3) tends to zero asj tends to infinity. Hence u,, is a weak solution of (1.1) which by construction is in @Z'(Q)) and this proves the existence part of Theorem A.
Finally, we prove that (1.1) has at most one weak solution. Suppose that u1 and u2 are two such solutions. For i = 1, 2, let ui = xf + zh be the projection of ui onto E,, where XL E X, and zi E Z,. Let L'~ = x; -xi, wN = zi -z& We have Consequently, t'N and wN tend to zero as N -+ co, and so u1 = u2.
